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Corresponding states of fluid motion in nematic liquid crystals
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We study the dynamic origin of the corresponding states law for the one-dimensional and magnetic walls
found above the Feglericksz threshold. The study shows ttiathe absolute values for the dynamic param-
eters of the nematic liquid crystals, such as their viscosity coefficients, have secondary importance in the
determination of the observed universality diidl the elastic constants and some ratio between the viscosity
coefficients, which remain practically constant when the nematic material is changed, are the most important
factors in determining the walls’ periodicityS1063-651X%99)02501-5

PACS numbd(s): 61.30.Gd, 61.30.Jf, 64.70.Md

I. INTRODUCTION II. STATIC CORRESPONDING STATES

One of the most interesting aspects of many-body physics I_:or a broad class of erented NLCs with posm\{e c_j|amag-
. . . netic anisotropy, the action of an external magnetic field may
'S that compounds that are completely different from the MMead to the formation of one-dimensional and periodic struc-
croscopic point of view can reveal, after appropriate scaling,[ureS named wallf11,17. These structures make the tran-

essentially the same macroscopic behavior. For examplesjt.on’ between ad'acént .s mmetrical distorted regift®
close to a critical point, the thermodynamical behavior of ! W J y ' ! gl

very distinct microscopic systems can be put along a singl@nd have been widely investigated from both theoretical and

line of corresponding statdd]. The classic example of this ©XPerimental points of vieW5-9,13-16. Their practical
behavior is the unique coexistence curve that can be obtaindfPortance, beyond being typical examples of textures in
when the temperature and density of different fluids aréNLCS, lies in the fact that with simple experiments the mea-
scaled by their critical valuei2,3]. This kind of curve pro- surement of their parameters can provide elastic constants
vides powerful insight into the nature of these systems. Allvalues as well as magnetic susceptibiliy].
the particular parameters of the systems may be put aside and In order to obtain these structures, a NLC sample inside a
all that remains is a universal behavior with the essentiamicroslide glass with dimensionsa(b,d) that satisfy the
features of some large thermodynamical class. relationa>b>d is used. The director is initially uniformly

It has recently been observed that some geometrical paligned along theg, direction and an external controlled
rameters of the one-dimensional and periodic nematic liquidnagnetic fieldH is applied along thé, direction. While this
crystals(NLC) magnetic walls produced above the &ler-  is done, there is a competition between the magnetic suscep-
icsz threshold can be put along a common line of corretibility, which tends to align the director along the magnetic
sponding statef4]. The static approach has given an unsat-field direction, and the elastic energy, which tends to produce
isfactory explanation for this universality even when thea director orientation consistent with its orientation at the
parameters of the walls are measured in a static situation. Agurface of the sample. Whét is greater than the Feeler-
these walls arose from a complex fluid flg®], their mac-  icsz thresholdH ., the magnetic susceptibility overcomes the
roscopic parameters may be a function of the physics hapelastic resistance of the medium and the director begins to
pening at the period at which the walls are created and therdsend towards the external magnetic field in order to become
fore the observed regularity must also be a sign of some kindriented either parallel or antiparallel to it. Due to this sym-
of universality existing in the course of their dynamic birth. metry breaking, the bending of the director is not homoge-
If proved, this would be a very interesting finding and anneous in the samplel1,12. The presence of a set of unidi-
indication that not only the static parameters belong to anensional structures, walls, periodically distributed along
universal class, but also the dynamic ones. the &, direction is observed.

The purpose of this paper is to understand how this uni- From the experimental data it is possible to connect the
versal character occurs. Two distinct features of the physicwavelength of the periodic distortiox to the applied mag-
of the walls are studied: the statimdeed quasistati€6])  netic field[17,18. That is, for each different magnetic field
presented when the walls’ parameters are measured and theapplied to the sample, walls with different wavelengkhs
dynamic physics that governs their oridif,7,8. The rea- appear. Therefore, when a plot of the wavelengtb created
sons why their static properties suggest a universality waas a function of the applied magnetic fieht, a different
discussed in a previous wofK]. In this paper the dynamic curve for each different NLC sample is obtained. Neverthe-
origin of the corresponding states is emphasized. Our modéss, when using a change of scale that depends only on the
representative result is that the absolute values of the viscosiastic constants of the material, we have discovered, in a
ity coefficients have secondary importance in the determinaprevious work{4], that all these distinct curves can be joined
tion of the walls’ parameters. Highly significant, as it will be together.
shown, is the existence of a nearly constant ratio between the As the external magnetic field is applied along the direc-
viscosity coefficient$9,10]. tion perpendicular to the initial orientation of the director, we
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can suppose that the director will always remain in the plane ]
defined by the magnetic field direction and the initial orien- 30 .
tation of the directof5], that is, 25_'
ny=cosd(x,y,z), ny=sin@(x,y,z), n,=0, (1) 2|:|—-
where 6(x,y,z) is the angle between the directdrand the (231)215_'
€, direction. There is a scaling in the geometry defined in Eq. X i
(1) that transforms the elastic free energy to an expression 10 4
without any parameter representing a unique NLC sample. _ B 5D5-DeDHH.0
This can be understood by considering the two elastic con- 5 - A KL-KCL-Hg0
stant approximation of the Frank free energy in the presence | e K  odel
of an external magnetic fieldl2,13 0+ + Lonj-nberg.iMeyerdata (MBBA)
F_f 1K ) 5 5 zlu 4lu alu alu ,
=12 3d (9x0)“+(dy0)°] h

1 1 FIG. 1. Behavior of (2r/X)? as a function oh? for three lyo-
+ EKzz(ﬁzb’)z— EXaH2n§ dv, (2)  tropic substances and one thermotropic substaiwBBA) ob-
tained from[5]. For the MBBA the data reported (5] were used.

unea froms). For i C
whereK;, K,,, andKss are the elastic constants of splay, " 2"dx are dimensionless quantities.

twist, and bend, respectively, and is the volume of the
sample.

For the system described by E), strong anchoring
boundary conditions are assumed and, as the walls are on
dimensional structures extending along #&edirection, the
simplest director’s configuration along tiég and €, direc-
tions[19] will be considered. That is,

As stressed in a previous wol#], all the material param-
eters characterizing any particular NLC sample have been
ut aside. Therefore, one expects that all static configuration
of the NLC can be reduced to a line of corresponding states
[1], described by the universéfree from material param-
eterg equation

d2n—n+2h2u’ (7)=0. 7
3

R AT s
0(x,y,z)= n(x)sm<F> Sm(? ,
When the scaling law$4), were applied to experimental
where the fieldy(x) describes the configuration of the direc- data of different samples it was verified that all measured

tor along theé, direction. points were extended along the same universal [lifle In
With these hypotheses and the definitions of the variablekig. 1 the result of such scaling applied to the data of some
h andx by the relations different nematic sample is shown.

Despite the static arguments presented above, the results
2 shown in Fig. 1 are unexpected. The elastic properties of the
d/) NLC material are not solely responsible for the geometry of
the walls. In a remarkable work, Lonbegg al. [5] showed
Kas _, how both the combined action of the external field on the
= X7, director and the matter movement produce the walls regulari-
ties: The external magnetic field rotates the director, which
stimulates a fluid flow generating a nonuniform rotation pat-
h=—, (4)  tern of the director and reinforces opposite rotations in the
He samples’ neighboring regions. Therefore, it may expected
that some dynamic parameters, such as the viscosity coeffi-
cients, will contribute to the determination of the geometrical
1 T properties of the walls.
F= —bd~/K33(XaH§)f Fdx, (5 It is with some surprise that one discovers that the static
4 0 parameters, through the scaling presented above, are enough
to put the experimental data along a single curve. Conse-
quently, the success of the scaling laws in reducing these
1 1 experimental data to a unique universal line seems to indi-
F= E(M)2+ 5772—2h2u(77), cate that there is also some unknown universality in the dy-
namic period at which the walls are built. In the next section
(6)  we discuss this problem.

2
+K22

5 T
XaHc=Kss b

2

X"= 2
XaH¢

the free energy2) becomes

where

un)= | ' | 4y dZ Sl n(sin(7y)sin(72)].
0.0 I1l. DYNAMIC CORRESPONDING STATES

L is the rescaled sample length along t#gedirection,y In order to study the NLC dynamics, the so-called
=y/b, andz=2z/d. Eriksen-Leslie-ParodiELP) approacf20-24 is used. Thus
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the time evolution of the director direction and the motion of It is important to remember that the compon®itof the
the nematic material will be given by a set of differential velocity is relevant only around the sample’s ed§g49|.
equations composed of the anisotropic version of the NavierThus we restrict the present analysis to the portions of the
Stokes equatiof25] sample where th¥, velocity component is dominant. There-
fore, we make
AV AV
P(TJFUB&—XE):@(—D%;;JF Tga)s (8 V,=0. (13)

(]'his condition being met together with the continuity equa-
tion givesdyV,=0.
It will also be considered that the director oscillatory

the balance of torques equation, which in the geometry fixe
above assumes the forfh9]

9.0= v Woo— vl A (n2—12) + (Ao — AL ) NN character is present since the beginning of the walls creation.
71910= 71 Wy = V2l A (M= M)+ (Ayy = A 1y This allows us to assume that, even at these initial moments,
+Kad 920+ 0201+ K20+ xaH?neny,  (9)  there is a set of lines where
and the equation of continuify26,27] 9x0=0. (14)
9.V .=0. (10) Finally, the one-dimensional character of these structures re-

quires that, once is fixed, the director will be constant
In these equations, is the density of the syster¥,, is thea along the direction of the external magnetic field, thaf&],

component of velocityp is the pressure, andg, is the 96=0 (15)
associated anisotropic stress tenst#], which is dependent y '

on variables such as the velocNyof the fluid, the bgnding The three conditions stated in E¢4.3)—(15) will limit

of the directord, and the director time variation ra# In this study to the sample regions where the director shows its

Eg. (9) the inertial terms were not considered, andy, are  greatest amplitude. In this way E@.2) becomes

the shear torque coefficient@,aﬁz%((9avﬁ+ dgV,), and

WaB: %(aavﬁ_ &ﬁva) : P
This set of differential equations constitutes a strong dt

coupled nonlinear system and to solve it some approxima- - - ,

tions must be made. For the first approximation it is assumed TA405, 6+ Asd, 0+ Ayd; 050y,  (16)

that the fluid velocity does not have components alonghe

direction[28,29. Only the€&, andé, components of EQ8)

will be considered, that is,

(3 Vy)=A13500,0,+Asdsv,

where

Ar=A(7;,0)=2[— 1+ 72+ piAnz—nd)Ineny,

dv,
pd—tX = — 0P+ Oyt dyTyyt d202x, Ay=Ay(7;,0)= n3+ (72— 3)N;,
Y (12) Ag=As(7;,0)= nini+ N5+ nining, 17

Yy
—=—0\P+ Oyt Iyoy,T I,0T,\.
Prdt —  PT XTIy T a0y Ag=Aq(71,0)=2( 71— 72Ny, ,

Differentiating the first of these equations with respecyto B 1 ) ’

and the second with respectxoand subtracting the second ~ As=As(7i,71,6)= §<’71+ 72~ 1) ~ (11N + 72N).
from the first, the pressune disappears and

In this equationny, -, 73, 112, andy, are the five inde-
pendent viscosities coefficienf7]. It should be observed
that asA;, i={1,...,5, is 0 dependent, Eq(16) is yet
strongly nonlinear.

+0(0x02y= dy07) (12 Using these approximations and considering that

. . . . . =—1v,, EQ.(9) becomes
is obtained. This equation governs the flux of the nematic

2 2
Pt (xVy= dy\Vy) = 350y = Iy oyxt dxdy(Tyy— Txx)

material. o _ Y10,0= yainZ(dxvy) + Kad 920+ 0501+ K002 0+ xoH?n,n, .
The above approximation is not enough to give us a so-
lution to this equation. The usual way to proceed is to restrict (18)

the analysis to the linear terms of the viscosity tensor. As it

will be shown later, this procedure overshadows the wall’sFrom Eqgs.(16) and (18) the universal nature of the walls
universal character. Consequently, the above differentidlormed during the fluid motion will be extracted.

equation will not be solved over the entire sample, but just Now, in order to further simplify Eq9(16) and (18), the
over a very restricted portion of it. This procedure will not director periodicity, the strong anchoring hypothesis stated in
eliminate the universal character of these structures, but Eg. (3), and the change of scales already used in the static
will provide a tractable nonlinear version of the differential case in Eq(4) will be used. At first the wall's periodicity
equation. along theé, direction implies that
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TABLE |. Viscosities in 102 kgm™!s, the ratioK33/K,,, and the references from which these data
were obtained as a function of the NLC compound. The question mark means that the corresponding value
is unknown to the authors. The values of tkg;/K,, accompanied by a question mark are attributed
considering the average of the others values. The compound labeled “mixture” was found [3®eind
is a 1:1:1 molar mixture of HBAB with p-n-butoxybenzylideng-aminobenzonitrile and
p-n-octanoyloxybeziledenp-aminobenzonitrile.

Compound Temperatur@C) m 72 73 12 Y1 Ks3/K,,  References
MBBA 25 103 23.2 39.6 6 74.6 25 [30,31
CBOOA 100 21.2 5.81 8 109 1541 3.7 [32,33
HBAB 80 43.3 9.4 14.6 6 325 3 [30]
PAA 122 9.3 2.3 34 4 6.6 3.1 [26,31
Mixture 80 65.1 134 22 5 48.5 3 [30]
5CB 3?) 86 17.6 33 ? 63.6 23 [34,359
az0=—K20, —(K2+1)9+h?n,n,
d,0= — . (27
o= — K2V, (19) 1+nZR(k%,6)

This equation gives the director’'s time growth rate only at

and the strong anchoring condition leads to 1 ) i : i y
the regions where it achieves its greatest bending. In spite of

)2 this limitation, this equation has some advantages. First, it
a§0= - (E) 0, maintains the nonlinear structure of the phenomenon and can
be easily integrated numerically. Furthermore, it shows, on
2 the left-hand side, the variation rate of thgf term and, on
,939: — (g) 0. (20 the right-hand side, its dependenceT&n 0, and the viscos-

Furthermore, ak=2mx/\, the change of scale ir implies
that there is also a change of scalekigiven by

2
2:)(ch —

k k2. (22)

K33

Finally, a time scaling given by

t=——r7 (22
XaH¢

is introduced. With these replacements and observing that

2
E—i%xi%m%%ﬁ, (23)
Egs.(16) and(18) become
d,0=n30,V,— (k®+1) 9+h?n,n,, (24)
aVy=—R0, (25)
where
R=R(k2,6)= KA+ As) (26)

_ K
(AL 6+ A K2+ —2A,
K22

Consequently, the two dynamical equatioieh) and (25)
can be put together in a single one as

ity coefficients. According to Lonberet al, the preferred?2
is determined by the value &f that affords the maximum to

d,0. In this equation this can be easily done and, as it will be

shown, the result is not a constant and it depends orfthe
amplitude. This is not a new finding. Srajeral. [7], when
analyzing the momentum space, showed thakthexhibited
by the system is not the one that gives the maximum,
at the initial moments of the matter flow wher=0. It is
fixed during the motion of the nematic materj8l. This is

the reason why we have retained the nonlinear terms in Eqg.

B Mixture
25 4 & MBBA
m@ O PAA
] ¥ CBOOA
2.0 1 @ﬂg & HBAB
¥ 3}% O sBC
i v
15 v 0
M
2 v o
K" 10- 1
| ¥
0.5 -
0.0 4 o
1 ! 1 ! 1 o ' I ! 1 ! 1 ! 1
00 01 02 03 04 05 06 07
0

FIG. 2. Reduced? maximizing the growth rate of the director
as a function of the anglé of the bending of the directdEq. (27)]

for the compounds shown in Tables | and II. The redukgavas
defined in Eq.(21). The reduced magnetic field was fixed tet

=5. ¢ is measured in radians akd is dimensionless.
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TABLE Il. Reduced values of the viscosities= 7/ 73 (i=1,2,3), 71.= 712/ 73, andy; =y, /73, as a
function of the NLC compound. The question mark means that the value is unknown and, as discussed in the
text, it has not influenced our final result.

MR N 1
Compound n R T2 2 MmN MmN
MBBA 2.60 0.58 0.15 1.88 —0.33 —0.51
CBOOA 2.65 0.72 1.36 1.92 —0.38 —0.52
HBAB 2.96 0.64 0.41 2.23 —0.30 —0.44
PAA 2.73 0.67 1.18 1.94 —-0.36 —0.50
Mixture 2.95 0.61 0.23 2.20 —-0.30 —-0.44
5CB 2.60 0.53 ? 1.92 —-0.30 —-0.50
(27). However, the aim of this work is not to understand how Ar=—Ay+ 20,0, 715 n)Z(_ ”5)’

the \ presented by the system is selected among the possi-
bilities provided by the criterium of Lonbergt al,, but to 1 ” 5
show how this choice assumes a universal character. Conse- Az=—As+ 5( N1+t 72— 1) + NNy .

quently, we have evaluated the curve of the prefekeds a
function of @ (for eachd) and showed that the result presents Therefore,
elements of universality. By universal behavior it is under-
stood that as the nematic specimen is changed, the same K
behavior, after the appropriated mapping, is observed in all o, g+ A;)k2+ —33A2: —(A,0+As)K?
compounds. K22
In order to realize this task, we look for some NLC char- 5 o -5
acterizing parameters and use them in &Y). These NLC + 72200, [2(n = ny) 0+ nny Tk
compounds, their viscosities coefficients, and the references 1 ~
from where they were obtained are dlsrllayed in Table I. + 5(7]1+ 75— v1) K2
To each of these compounds, values®f as a function
of 6, that make EQq(27) a maximum have been found nu- 33 )
merically. These are the preferr&él An outstanding aspect + K_zz[”3+(772_ 73)Nny ] (29)
of this finding, shown in Fig. 2, is that for samples as distinct
as the ones shown in Table I, the curves of the prefeékfed ) )
as a function of, are not so different. Only the elastic con- 1S obtained, which affords
stants have been scaled and the viscosities, which are explic-
itly present in Eq.(27), seem not to play an important role.

(28)

This finding justifies the previous result found in the corre- _ = KA+ Ag) B k?

: odi R(K?, & ,6)= - ,
sponding states of periodic structures of NLA$]. How- ~ Kas —K2+S(K2, 7;,0)
ever, how could this happen? What mechanism makes the (A10+AK>+ —A, KR
viscosi_ty coefficients become practically absent in the pre- K2z (30
ferredk? curve?

First, EqQ.(17) is rewritten as where

2_ 2 T2 1 ~,  Ksg 2

7120y [2(N = nY) 0+ 0Ny JKE+ 5 (73+ 72— y)K™F =[5+ (72— 73)0y ]

) _ 22
S(k 177i 10) - 1
[2(71= m2)Nny 10+ 5 (71 72— v1) — ( NN+ 72n;)
= 2_ .2 w2 L~ — o Ka — _ = \n2
7120y [2(N = ny) 6+ NNy [k 5 (71 + 75— 7 ) K+ K—22[1+ (12— m3)ny]
= , (3D

_ 1 .,
[2(71—172)NeNy] O+ E( 71+ 12— y1) — (mne+ 772”3)
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where 71=n1/7m3, m=n2/73, 712=7m12/m3, and y;  give any justification for the existence of this constant ratio.
= v,/ n5 are the reduced viscosities. Table Il shows the val'\We believe that, as in the seminal work of Helfri®], it is

ues of these reduced parameters. related to the anisotropic shape of the nematic micelle.
The reason for the coincidence of the preferkédurves
become clear in Eq$30) and(31) and Table Il. It is not the IV. CONCLUSION

absolute values of these viscosity coefficients that are impor-

incident. For example, in Table | the values fgj range enough to give an explanation for this experimental law, a

_3 _l . .
fLom 9.3 tof 103(21600 kg r9n6 IS.' MﬁanWh"ﬁ’ in T_able f”h dynamic explanation is presented. A change of scale, similar
they range from 2.60 to 2.96. It is this small variation of the, yhe gne used in the static case, was applied to the ELP set
%f differential equations and the viscosities coefficients were

corresponding states of the NLC walls. not scaled out. Despite the large variations of the viscosity

It is important to emphasize that although the relative Val'coefficients, when the nematic specimen is changed, the

ues of the viscosity coefficients are much more coincident o o .
than the absolute ones, they are not exactly the smme Curve giving the preferret® as a function off undergoes

r’(t)tle changes. As regards the reason for this behavior, it was

Table 1). Therefore, one can expect to find the presence o _ . . -
the viscosity coefficients in the macroscopic parameters o und that the relative values of the viscosity coefficients are

the wall through a little effect. However, the present data for.th.e really important factors in (_jetermining the walls’ period-
the wall’s periodicity\ are not sufficient to reveal it and we icity. Furthermorg, these relative values are much more co-
can affirm that, if observed, such an effect will be very small.'nc'dent than their absolute values. We conjecture that these

It should be noticed that even being undetermined at thaear ratio coincidences are related to the factorization of the-

moment at which the matter flow begins, the valué ohust ses coefficients in a geometrical factor and in a function rep-

be fixed when the bending of the director is small. When thigesenting the internal degrees of freedom in the NLC mi-

condition is met in Eq(31) the parameters determining the pelles[g]. When the ratio between the viscosity coefficients

o . . is performed, the internal degrees of freedom are taken off
preferredk= curve are given by the ones presented in the las

; ; I 5ind all that remains is the ration between the geometrical
two columns in Table II. In this case the values’ coincidence;, tors. Therefore. when the nematic material is changed
is indeed much more surprising. ' ’ '

. this number is much more coincident than the viscosity co-
Therefore, we see that the key to understanding the law g fficients as a whole

the corresponding states in the nematic state is the existence

of an approximate constant ratio between the viscosity coef- ACKNOWLEDGMENT
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